Topological defect solutions in new families of sine-Gordon models 
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We study specific deformation of the sine-Gordon model, to get to families of models which starts 
with the sine-Gordon model itself, including the double sine-Gordon and the triple sine-Gordon 
model, and so on. The deformation is controlled by two parameters, one very small, used to 
control a linear expansion on it, and the other, which specifies the particular model in the family 
are constructed explicitly from the topological defects of the sine-Gordon model. The procedure 
can be used iteratively, leading to a diversity of possibilities to construct families of models of the 
sine-Gordon type. 
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I. INTRODUCTION 

Topological defects appear in nature in a diversity of 
contexts. They are of current interest in several branches 
of nonlinear science, in particular in high energy and con- 
densed matter physics, where they can be used to des- 
cribe phase transitions in the early universe, map interfa- 
ces separating distinct regions and contribute to pattern 
formation in nature [lHj]- An interesting recent exam- 
ple of the use of topological defect concerns the study 
of magnetic domain wall in a nanowire, intended for the 
development of magnetic memory [BJ. 

In this work we study the presence of topological de- 
fects in relativistic models described by a real scalar field 
4> in (1, 1) spacetimc dimensions. We focus attention on 
the deformation procedure, a method introduced in Q 
and further used to describe the presence of topological 
defects in models described by scalar fields in a diversity 
of scenarios; see, e. g., Ref Q. 

In particular, in a recent Letter Q one has shown how 
to deform the 4 model with spontaneous symmetry bre- 
aking, to generate new family of sine-Gordon models Q. 
There it was explicitly shown that all the topological de- 
fects are constructed from the topological defects present 
by the </> 4 model. Another point is that the family of 
models is obtained with a simple deformation function, 
which depends on two real parameters, one controlling 
the position of the minima and the height of the ma- 
xima, and the other specifying the particular member in 
the family of models. 

The work Q has inspired us to further study the issue, 
and this work offer another possibility of constructing 
new families of sine-Gordon models. Here, however, we 
start with the sine-Gordon model itself @ , and we use a 
deformation function with is controlled by two parame- 
ters, one very small, which induces small deviation from 
identity, and another once, which allows specifying the 
member in the family of models. This new procedure 
has advantage of being very simple to be implemented, 
leading to potentials of direct interest to practical appli- 
cations. Another issue is that the small parameter is in 



general of great help to find solutions of the deformed 
model explicitly. 

The deformation procedure has also been used by other 
authors, to investigate issues of current interest. For ins- 
tance, the studies presented in ficil - fl2j show that it works 
appropriately for a variety of contexts in high energy phy- 
sics. On the other hand, one knows that the sine-Gordon 
model has been used to investigate issues related to DNA; 
see Refs [HI, [l4| • In this sense, the family of models here 
introduced may be of interest to describe the presence of 
solitons in DNA; see, e. g., [15j . 

Let us now consider models described by the Lagrange 
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(i) 



where V{<p) is the potential which specifies the model 
under consideration. Also, x M = (a; = t, x 1 = x) and we 
consider t, x and the field <j) dimensionlcss, for simplicity. 

We first review some basic facts about topological so- 
lutions, focusing our attention on static fields. The equa- 
tion of motion for cf> = <f>(x) is given by 



d 2 ^ 
dx 2 



dV 
~d4 



(2) 



Topological solutions usually appear when the potential 
is non-ncgativc, which can be written in form, using W = 
W(<f>), 



1. 



V{4>) = 2^ 

where stands for dW/d(f>. In this case we get 



d 2 ^ 
dx 2 



(3) 



(4) 



The point here is that this equation can be solved by 
solutions of the first order equation 



dx 



W 



(5) 



Since the potential does not see the sign of W , Eq © can 
also be seem with W changed to —W. The approach then 
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maps the second order equation of motion into two first 
order equations, which is in general valid for topological 
solution. 

A topological solution which solves the first order equa- 
tion on the topological section (jk) has energy minimized 
to the value Eg PS = \W((j>j) — W(cj>k)\, where (f>j and 
are two adjacent minima in the set {4>i, </>2 7 • ■ • 5 4>n} of mi- 
nima of the model. This is the Bogomol'nyi bound, and 
solution of the first order equation is named BPS state 
fl(| . and is linearly stable. Since W(4>) is a function of (f>, 
it can be used to define the topological behavior, which 
can be seem from the topological current 
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(6) 



This definition for the topological current is different 
from the standard form, which uses j M = e^d^cp; see, 
c. g., pj. However, one can use (j6|) to show that the 
topological charge of the solution equals its energy, apart 
from a sign factor, and is more appropriate in general 

E2. 



II. DEFORMATION PROCEDURE 

We now focus attention on the deformation procedure 
proposed in @. An important advantage of using this 
approach is that we can easily get to new models and 
construct their topological defects analytically. Here we 
briery review the procedure, starting with the standard 
model 



£ = o W 1 * - v(x) 



(7) 



where \ = x( x >t) is a rea l scalar field, and V(x) is the 
potential which describes the model. For simplicity, we 
are using natural units, and we have rescaled the field, 
and the space and time coordinates to make them dimen- 
sionless. We suppose that the model supports topologi- 
cal defects and that we know the corresponding solutions 
analytically. In this paper, we investigate small modifica- 
tions to the sine-Gordon model whose potential is given 
by 



V(x) = lcos 2 ( X ) 



(8) 



This potential is obtained from the simple function 
W(x) = sin(x) and have infinite number of minima 
X = ±mr/2, where n = 1,3,5,... The topological so- 
lutions that connects these minima are 

Xs(x) = ±(0(x) + kn), 6(x) = arcsin(tanh(x)). (9) 

where k = 0, ±1, ±2, . . . The energy is E = 2, since we 
are using dimensionless units. 

According to the deformation procedure, we can con- 
sider another model, described by 



C 



1 



d^4> - u(4>) 



(10) 



where U (</>) is the new potential, which is written in terms 
of the starting potential V(x) as 



U(4>) = 



f' 2 W 



(11) 



where /(</>) is the deformation function. In this case, if 
x(x) is a static solution of the starting model, then we 
get 4>(x) is a solution of the new, deformed model, and it 
is given by 



(x) = f- 1 [x(x)} 



(12) 



This is the general procedure, and now we specialize to 
the case where the deformation function describes small 
deviation from the identity. 

Let us choose f{<f>) = <j) + eg (</)), where e is very small 
parameter to be used to allow power expansion on it. 
However, we should do it with care, since the function 
g((f>) cannot increase to much to break the approxima- 
tion up to the first order power on e which we will be 
implementing from now on. 

Although the deformation procedure is valid for gene- 
ral potential, let us concentrate on models controlled by 
W, described by 



In this case we get that 



u{4>) = 

where the new W has the form 



W <f , = W 4> -e (W^ - W^g) 



(13) 



(14) 



(15) 



This is general result, and we can obtain the minima of 
the new potential from the equation 



= e {W^ - W^g) 



(16) 



The minima can be used to find the corresponding energy 
in each topological sector, in the form = |Wj — VVj|, 
where Wi and Wj stand for W(</>)i and W(4>)j, respecti- 
vely, and 4>i and </)j represent twi adjacent minima of the 
new potential. Also, from the expression which defines 
the deformation function we can write, up to first order 
in e, the solution of the new model as (f> = x ~ e ff(x)j 
where % represents solution of the initial model. 



III. NEW FAMILY OF MODELS 

To introduce the new families of models, let us consider 
the starting model as the sine-Gordon given by Eq. ©. 
As one knows, the sine-Gordon is a important model [9j, 
and the above procedure will deform the model, leading 
to other models, close to the original model. Moreover, 
since we are starting from a periodic potential, we can 
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naturally choose g(<f>) periodic potential, making it limi- 
ted in a way such that the first order approximation in 
e remains valid in the real line. In this way, our main 
goal is to introduce new family of models, as double and 
triple sine-Gordon models. 




Figura 1: Potential of double sine-Gordon model, for s = 1 
and e = —0.1 




Figura 2: Potential of triple sine-Gordon model, for s = 2 and 
e = -0.1 



case, in Figs 1 and 2 we depict the potentials for s = 1 
and s = 2, respectively. 

The new function W can be written as 



Here we take the deformation function in the form 



f s (4>) = <i>- 



\ — 



(17) 



parametrized by real s and very small e « 0. Using the 
sine-Gordon model as the starting model, this function 
leads to the model described by the potential (fT^j) , where 



W = cos(<£) 



sin((/>) sin 



1 



cos(</>) COS 
s \ s 



(18) 

The additional term that arises shifts the minima of the 
potential to 



W = sin(0) - - 



(£+1) 

(g - 1) 
(s + l) 



sin 



sin 



(8-1) 



(s + l) 



(22) 



This W and the minima, given by Eq. (fH))) , can be used 
to calculate the energy of all energy of all the topological 
solutions straightforwardly. The useful expression is 



w{4>T n ) = ±(-i) 



2s (TVK 

1 o 7 cos ~T* — I e 

S 2 - 1 V 2s 



(23) 



^= ± (f-esin(f) 



It also changes the maxima 



e(s — 1) . /TO7T\ 

^ = ± ( mn + g2 sin (— J 



and their respective heights 



n = 1, 3, 5, . 



(19) 



m = 0,1,2,... 

(20) 



/m s TT\ 

*{—) 



0,1,2,. (21) 



We note that the modified potential has periodicity 27rs. 

For s integer, we see that the number of distinct topo- 
logical sectors, which are labeled by m, is given by s + l. 
Then, for s = 1 we get double sine-Gordon, for s = 2 
triple sine-Gordon model, and son on. The family of mo- 
dels which is generated in the present work is different 
from the family introduced in Ref [? ], since there we 
started with another model, and used different deforma- 
tion function. To see how the models behave in present 




Figura 3: Potential of special sine-Gordon model, for s — 2/5 
and e = -0.05 



Moreover, the topological solutions of first order equa- 
tion can be obtained from the inverse of the deforma- 
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Figura 4: Potential of double sine-Gordon model, for s = \/3 
and e = -0.05 



which connect the minima 
3tt 



4Ztt 



V2 , 5tt 
2 ' 2 



4Ztt 



(31) 



The energy densities of the solutions corresponding to 
the three distinct topological sectors are given by 



\l- (1 + sech(x)) j sech 2 (a;), (32a) 



Pi 0*0 



p 2 (x) = ( 1 + esgn(x)\l - (1 — sech(x)) J sech (x), 



(32b) 



\/i (1 + sech(x)) j sech 2 (a;), (32c) 



tion function. We use Eq. (|T7|) to get 

0(x) = o (x) - esin f -0 o (x) 



(24) 



where 0o(x) represents the solutions of the sine-Gordon 
model, given by Eq. recall that 0o(x) = Xs{x). With 
this, it is not hard to calculate the corresponding energy 
density, which is given by 



P(x) = p (x) 



i 2e 
1 cos 

s 



0o(x) 



(25) 



where po (x) = sech 2 (x) is the energy density of the solu- 
tions of the sine-Gordon model. 

Let us now consider the case of the triple sine- Gordon 
model, which is obtained with s = 2. In this case, there 
are three kinds of topological sectors. The sectors of the 
first kind are described by following solutions 



0i (x) =6(x) + 4/tt - e sgn(x) J i (1 - sech(x)), (26) 

where sgn(a;) is the sign function and I is a integer that 
connect the minima 

__ +4 ^ + e ^-, and -+4Z7r-e^-. (27) 



The sectors of the second kind are described by solutions 
03 (x) = 0(x) + (4Z + 1)tt 



1 



W - (1 + sech(x)) (28) 



which connect the minima 



|+^-ef , andf + 4hr- e f . (29) 
The sectors of the third kind are described by solutions 



03 (x) = 0(x) + 2Z7r+esgn(xV-(l-sech(x)) (30) 
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We use Eq. (|23]) to obtain the corresponding energies 



£?i = 2-^e, ^=2, £ 3 =2+^e. (33) 



There are many other value of s which introduce new 
features to the deformed models. The specific sequence 
s = 2/3, 1/2, 2/5, 1/3, leads to interesting poten- 
tials, and to other kinds of sine-Gordon models. To il- 
lustrate this fact, in Fig. 3 we depict the potential for 
s = 2/5. The topological solutions and their aptitudes, 
widths, energy densities and energies can all be calcula- 
ted straightforwardly, using the approach shown above. 
We can also take s irrational, leading to quasiperiodic 
potentials. An illustration of this is given in Fig. 4, for 
s = V3- As before, the topological solutions, amplitu- 
des, widths, energy densities and energies can also be 
calculated straightforwardly. 

The quasiperiodic behavior of the potential can be bet- 
ter seen if one changes the deformation function appro- 
priately. To see this we note that the same deformation 
function can be used to deform the deform model once 
again. Since e is small parameter, this will end up with 
the deformation 



/(0) =0 + e( 5l (si) + <72(s 2 )) 



(34) 



Note that the procedure can be repeated iteratively, gi- 
ving rise to interesting deformations. Here, however, we 
only discuss the second iteration, which is explicitly gi- 
ven by Eq. ([34"]) . If we deform the sine-Gordon potential 
with the function (|34p , we get to a diversity of interesting 
potentials. A typical example of this depicted in Fig. 5, 
for si = 1 and s 2 — 2. Another interesting case is gi- 
ven by Si = \/2 and s 2 = v3, which is depicted inf Fig. 
6. This last case enhances the quasiperiodic behavior 
of the potential in significant way, as we have commen- 
ted above. As before, we can get all solutions, and the 
corresponding amplitudes, widths, energy densities and 
energies very easily. 
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IV. FINAL COMMENTS 

In summary, in this Letter we studied interesting mo- 
dels of sine-Gordon, searching for the topological solu- 
tions they may comprise The procedure engender a di- 
versity of possibilities, with all topological defects being 
explicitly constructed from the topological defects of the 
sine-Gordon model. The solutions, and their amplitudes, 
widths, energy densities and energies are simple to be ob- 
tained. The family of models ca be studied easily, and 
the suggested models can be used for practical applica- 
tions in a diversity of scenarios, in particular within the 
braneworld context where the brane is stabilized by a real 
scalar field [l8[, and in Biology, to study conformational 
structures in biomolecules at the nano metric scale. In 
addition, since the procedure involves small deformation 
of a given model, it can be used in more general sense, 
to study small deformations of other models, of interest 
to high energy and other branches of physics. 

Another interesting issue concerns the use of the dou- 
ble sine-Gordon model, instead of the sine-Gordon, as ori- 
ginal model, to generate another family of models. Also, 
we could apply the same methodology to more general 
models, including the case where one modifies the dyna- 
mics of the scalar field, to deal with higher order power 
in the first derivative of the field, which is also of current 
interest to high energy physics. Some of these issues will 
be discussed in future work. 
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tions, and CAPES, CAPES/Nanobiotec and CNPq for 
partial financial support. 
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